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ADVERTISEMENT, 


T HE following ſheets are defigned 

as a Supplement to the Directions 
for the Uſe of Hapiey's QuanpranT, 
&c. That tract is intended to teach 
the practical part, this to fhow: the 
theory. Each part being thus printed 
ſeparately, the maker and practical 
obſerver will not be perplexed with 
abftruſe demonſtrations in no wiſe ne- 
ceſſary. for them ; nor the man of ſcience 
find the reaſoning interrupted and ob- 
ſcured by matters foreign to the theory, 


E T NIn, — NE, fig. 1. repre- 
ſent the ſections of the plane of 
che — by the ſurfaces of two ſpeculums 
ſtanding thereon, Let Bi be a ray of light 
falling on a point I of the firſt ſpeculum, 
and reflected thence to a point H of the 
ſecond ſpeculum, and by it into the line 
HO; then the angle between the incident 
ray, and the ray after two reflections, is 
double the angle between the ſpeculums. 
2. Since the incident ray BI is in the 
plane of the figure, the reflected ray will be 
ſo too *; and becauſe the ray IA is in that 
plane, ſo will alſo the reflected ray HO *; 
the rays BI and HO therefore being both 
in the plane of the figure, let them (when 
produced) meet in E, and let the two ſec- 
tions Nr and RHr (produced) meet in , 
then will ISH be the inclination of the re- 
flecting planes to each other ; but IH 
is the difference of the angles THR and 


®-Smit#/x Optics, Art. 7. + Def. 6. and Prop. 19. El. XI. 
Ss. Sig B 


HIS 
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HIS . Produce EH backwards to A, 
and becauſe by the laws of reflection + 
IHR=EHS=RHA . therefore IHA is 
double of IHR. In like manner becauſe 
+ HIS=BIN=SIE f, therefore HIE is 
double of HIS; but IEH is the difference 
between IHA and HIE *, that is between 
twice IHR and twice HIS, or it is double 
the difference of the angles IHR and HIS, 
that is double the angle ISH. 

3. This demonſtration is general, but the 
FEA repreſents the diſpoſition of the glaſſes: 
and courſe of the rays in the fore obſerva- 
tion, It may be more convincing, and 
help us to clearer notions, to ſee it parti- 
cularly applied to the back obſervation. 
Fig. 2 then repreſents the diſpoſition of the 
glaſſes and courſe of the rays in the back ob- 
ſervation. In this let the two ſections Nin 
and RHr, as before, meet in S. Produce HS 
to 7, and TZST is the inclination of the re- 
flecting planes to each other |}, ' Let BI the 
incident ray, and HO the ray after two re- 
flections (when produced) meet in E; and 
produce OHE to 4, ſo that TEA may be 


. 2 El. I. Smith's Optics, Art, 15 El. I. 
|| Det. 6. Prop. 1g. EL. Xl. . Fs 
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the. obtuſe angle, which theſe rays make 
with each other. Then is IEA the ſum 
.of THE and HIE * *, the former of which 
(by the laws of reflection +) is double of 
THS, and the latter double of HIS. There- 
fore IEA is double the ſum of IHS and 
HIS; that is double of IST *. 

4. Let SH and ST, fig. 3. repreſent the 
ſections of the plane of the figure by the 
ſurfaces. of two ſpeculums ſtanding perpen- 
dieularly thereon. Let theſe ſections meet 
in §, and ISH will be the inclination of 
the reflecting planes, and & the point where 
their common ſection paſſes the plane of the 
figure, to which it is alſo perpendicular f. 
Let $, be an object placed between the ſpe- 
culums, and in the plane of the figure, 
Several repreſentations of that object will be 
formed by the ſucceſſive reflections of theſe 
ſpeculums; all which will lie in a plane 
_ paſſing through the object, and perpendi- 
cular to both the reflecting planes; that is 
in the plane of the figure as was before 
ſhewn, par. 2. | But theſe repreſentations 


32 El. I. + Smith's Optics, Art. 9, &c. as before, 
1 De f. 6. Aa Prop, 19. El. XI. A Smith's Optics, 


Art. 7, &c, 
B 2 OF 
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or images of the obje& , will alſo lis in 
the circumference of a circle dran on that 
plane, whoſe center is &, and radius Lehe | 
perpendicular diſtance of the object from 
the common ſection of the two ſpeculums. . 
5. Draw QF perpendicular to 1 Ipecu- 

lum SH, produce Q7 to A, fo that 7. A=ZTY, 
and 2, being conſidered as the focus of rays 
incident on SH, A will be the focus of re- 
flected rays *, or place of the image after 

one reflection from SH +. But the right- 
- angled triangles VV and ATS having the 
fides TA and TY, equal, and ST common, 
will haye their hypothenuſes S and SA 
equal Therefore the circle deſcribed 
with the 5 center S and radius SY, will paſs 
through A. — Moreover the arch HA is 
equal to H; 

6. For the like reaſon if à be the i image 
made by one reflection from the other ſpe- 
culum SI, it will lie in the circumference 
of this circle paſſing evugh V's and the 


arch Ia is equal to 19, 
7. The image @ may be conſidered as an 


en in reſpect of the ſpeculum SH ||. 


0 Smiths bande, Art. 202. + Ibid, Art. 25- 
$4 El. 1. || Smich's. Optics, Art. 111. 
Take 
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Take therefore the arch HB Ha, and B 
| will be the image of that image, or the 
image ſeen in the ſpeculum SH by two re- 
flections; firſt from SI and then from 
„„ 

8. The! image ⸗ 4 may in like manner be 
conſidered as an object .i in reſpect of the 
Den SI +. Take the arch ESA. 

and 4 is the other image made by two re- 
flections and ſeen in the ff ſpeculym ST. 

9. Again take HC = Hb, and C will be 
the jmage ſeen in the ſpeculum SH after 
three refleions ; firſt from SH, then from 
SI, and then from SH 7 again, 
| 10, Take Ic=IB, and c is the Ee 
image ſeen (in ST) after three reflections. 

11. Again take HD He, and D is the 
image ſeen in SH after four reflections. 

Take 1d=1C, and d is the other i image 
ſeen after four reflections. 5 | 

I2. Again take HE = Hd, and E is the 
image ſeen i in SH after five reflections; and 
ſo on. 

13. Cor. 1. Since N21, and Ba=2Ha, 
ſubtract the former from the latter, and there 


® Par. 5. + Smith's Optics, Art. 111, 
| remaing 
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remains 9B = 2x 7—Te =2HI. Again, 
Bce=2Tr and Dc=2He; ſubtract the for- 
mer 'from the latter, and there remains 
BD=2x Hc=Tc=2HI, and fo on. Make 
therefore the . arches W. BD, DF, &c. 
each equal to 2HJ; and B, D, F, &c. 
will be the ſucceſſive images of 'the object 
2 after an even number of reflections. 

14. In like manner take 9h, bd, df, each 

equal to 2HI; and 6, 4. %. &c. will be the 
place of the images ſeen in the other ſpe- 
culum after an even number of reflections. 
15. Cor. 2. The diſtances of each of the 
images B, D, F, &c, or of 6, d, f, &c. 
from the object 9, meaſured along the arch 
of the circle; is equal to the arch HT mul- 
tiplied by the number of reflections. | 

16. Cor. 3. Again; fince HA=HY, and 
HC, take the former from the lat- 
ter, and there remains AC=924=2HT *. 
Therefore if QA be taken equal to 29H, 
and the ſeveral arches AC, CE, &c. each 
equal to 2 EI; then 4, C, E, &c. will be 
the place of the images ſeen in SH after an 
odd number of reflections. | 


Par. 14 


* $5 


17. In 
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then the ſeveral arches ac, ce, &c. each 
equal to 2 HI and a, c, e, will be the place 
of the images ſeen in the other ſpeculum 
after an odd number of reflections. 

18. Cor. 4. The diſtance of the firſt image 
from the object or QA, is equal to 22H: 
that of the third image or & (NAA) 
is equal to 2H 2H; that of the fifth 
image (or QA+AE) is 2 HE, &c. 
the diſtance of each imige from the object 
2, meaſured along the arch of the circle, 
being equal to the arch HI multiplied by 
the number of reflections ſave one, and in- 
creaſed by twice Q the diſtance of the 
object from the ſpeculum. 

19. The ſame is true of a, c, e, &c. the 
images ſeen in the other ſpeculum after an 
odd number of reflections. 

20. Cor. 5. If the two ſpeculums, keep- 
ing their inclination to each other, be turned 
round their common ſection as an axis; the 
images B, D, F, &c. formed by an even 
number of reflections will be immoveable; 
becauſe the intercepted arch HT is not al- 
tered: but the alternate images A, C, E, 
&c. formed by an odd number of reflections, 


will 


7 
17. In like manner take = 2 N and 


Fo: Meir 
will change their places by double the change 
of the arch Q, or double the — mo- 
tion of the ſpeculums. 4% 

21. Cor. 6. Hence (in fig. 1) with Gd 
center & and radius SB deſcribe a circle : 
cutting in A, the laſt reflected ray HO 
produced backwards; and A will be the 
place of the image of the object B after 
both reflections. For all the images of this 
object lie in the circumference of that cir- : 
cle e, and the laſt 1 image mult lie in the 
direQion of the laſt reflected ray ; there 
fore it is in A their common interſection. 

22, Let an obje& be placed at C in the 
reflected ray OH produced, ſo as to be ſeen 
by direct viſion through the ſpeculum H 
along with the reflected image A. The 
image 4 will continue immoveable not- 
withſtanding the two ſpeculums be turned 
together round their common interſection 
as an axis 4; and therefore will ſeem always 
to adhere to the object C. | 

23. Let the eye be placed at E the inter- 
ſection of the incident ray with the ray 
after two reflections ; then BEA, or BEC 


G Par. 4 and following. + Smith's Optics, Art. 101, | 
102. t Par. 20. 1 | | 
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the angle which theſe two rays make with 
each other, is alſo the angle. which the 
object B makes with it's image A: it is 
alſo the angle which the two objects B 
and C ſubtend to the naked eye at E. 
This angle BEA has been ſhown to be 
equal to twice IH . : 

24. If the eye be placed any wheres elſe 
in HE produced as at ©, the doubly re- 
flected image A and the object C will ſtill 
appear to coincide as before: but the angle 
which the objects B and C ſubtend to the 
naked eye is now BOC, differing from BEA 
by the angle EBO, or 180 . 
25. Let now the ſpeculum Nin be turned 
about the point J, ſo that the doubly re- 
flected i image of the object C (placed in the 
line HO produced) may be made to co- 
Incide with that object itſelf ſeen directly 
by the eye at O; then is the angle 1CH 
double of ISH the angle between the ſpe- 
culums. For in this caſe the incident ray 
is CI, and the ray after two reflections is 
HO, which produced backwards paſſes 
through C by the ſuppoſition of the co- 
incidence aforeſaid. Therefore the inter- 


Par. 2. 8 + 32 El. I. 
* ſection 
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ſection of theſe two rays is at C the object 
itſelf, and conſequently ICH the angle of 
their interſection is double of ISH the angle 
of the ſpeculums *. 

26. The interſection before marked E, 
in this caſe removes to C on the other fide 
of H; and S, the paint of interſection of 
the two ſections NIrz and RHr, falls on the 
ether fide of the line IH +. 

| 27. If 
® Par. 2. 


+ To conſider the motion of the points Z and & more 
particularly, imagine the ſpeculum NI to turn round the 
point 7, while the other ſpeculum RHr, and likewiſe the 
poſition of the ray HO, remains fixed, 

And firſt let the ſpeculum Ni turn ſo that the point 8 
may continually recede from H. Then the point F will 
continually recede from H towards O. When the two ſpe- 
culums become parallel, the point & and likewiſe the point 
E will go off in infnitum, as is evident becauſe BEA is 
twice JH; therefore when the latter vaniſhes, ſo does the 
former. In this caſe the incident ray and ray after two re- 
flections are parallel. 

- Continue the motion of the ſpeculum Nia, and the ſec- 
tions NIz and RHy will now meet on the other fide, in SH 
continued. The interſection of the incident ray and ray 
after two refleftions will now alſo remove to the other ſide, 
in OH continued. This will appear, if inſtead of confider- 
ing HO as the ray after two reſſections, we conſider it as the 
incident ray, and therefore HI as a ray given in poſition 
and incident on the ſecond ſpeculum Ne; N will then be 
the ray after two reflections by Smith's Optics, Art. 11. | 

Continue the motion, of the ſpeculum Ns. and the point 
of interſection of theſe two rays will continue its motion 
from A towards H, and paſſing the point H will recede 
beyond O in infinitum. Thus theſe two rays will again be 
parallel, This happens when the ſpeculum Nia makes 3 
right angle with the ſpeculum RHr. 

Continue this motion, and the interſoction of the incident 
ray and ray after two reflections will a ſecond time remove 

2 . to 
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27. If the object C be removed to ſuch 


a diſtance that the angle ICH vaniſhes, the 
angle [SH will alſo vaniſh, and the ſpecu- 
lums become parallel to each other. 

The incident ray CI, and the ray after 


two reflections HO, in this caſe are alſo 


parallel, their interſection C being removed 
to an infinite diſtance. | 


28, Scholium. If when the index ſtands + 


at the beginning of the diviſions, the two 
ſpeculums are put into a parallel poſition, 
by turning one of them about till the re- 
flected image of ſome diſtant object C co- 
incides with that object ſeen directly, the 
inſtrument is then ſaid to be adjuſted. The 
inſtrument being thus adjuſted and the ſpe- 
culums fixed, the-index will always ſhow 
to the other ſide, in OH continued. When the face of the 
ſpeculum comes into the direction 7H, the interſection of 
thoſe two rays will then be in H. After this the back of the 


ſpeculum will be turned towards RHr for an intire ſemi- 
revolution, till the face again comes into the direction 7H, 


and the two rays aforeſaid again interſect in N; the ſpecu- 


lums then making an acute angle the ſame way as at firſt. 
Tf the motion > the ſpeculums be ſtill continued, the inter- 
ſection of the two rays at E will recede from H towards O 

in 8 till the ſpeculums are parallel as before. 

he incident ray and ray after two reflections are twice 
arallel in one ſemi- revolution of the ſpeculum Nla; wiz. 
when the two ſpeculums are parallel, and alſo when they are 
perpendicular to each other. In the other ſemi-revolution, 
the back of the ſpeculum Mia is turned towards the other 


ſpeculum RE. — | 
| C 2 þ the 
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the double inclination of the ſpeculums, ei. 
ther on the quadrantal arch, or arch of ex- 
cefs, according as the point & falls on one 
ſide or the other of the reer let 
fall from J on RHr produced. 

If, when the ſpeculums are put into a 
parallel poſition as before, the index points 
to any number of degrees or minutes on the 
quadrantal arch inſtead of o) then it will 
always give the double inclination too much 
on the quadrantal arch, and equally too lit- 
tle on the arch of exceſs, by the number 
of degrees and minutes ſhown as before; 
and contrariwiſe. 

29. The angle BIC, which any two ob- 
jects B and C ſubtend at I the center of the 
index glaſs, is equal to the ſum of the two 
angles BEC and ICE . 

30. Scholium 2. The quadrant boar ad- 
juſted as before by a diſtant object, the for- 
mer of theſe angled BEC will be ſhown on 
the quadrantal arch when the refſected image 
of B coincides with C ſeen directly. The 
latter of theſe angles ICE will be ſhown on 
the arch of exceſs when the reflected image 
of C coincides with that object itſelf ſeen 


: * 32EL 1, 


directly. 
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directly. Or the ſum of theſe two angles 
will be ſhown at once on the quadrantal 
arch, if, when the object C and its image 
coincide, the index be made to point at tho 
beginning of the diviſions; and then be car- 
ried forward till the reflected image of 1s 
coincides with C ſeen directly. 

31. In figure 4. let I be the index-glaſs, 
ſtanding parallel to ¶ the fore horizon glaſs; 
let R be the back horizon glaſs, ſtanding 
at right angles to H and J. Draw PI and 
PR perpendiculars to I and R meeting each 
other in P. Let Q be perpendicular to H. 
Let BI be the ray incident on J, and re- 
flected from thence into IH, from thence 
into HO, the axis of viſion for the fore ho- 
rizon glaſs. Let IR be the ray reflected 
from the index-glaſs to the back horizon 
glaſs, and from thence into RY the axis of 
viſion for that glaſs, Then by the laws 
of reflection PIH = PIB *. Moreover 
PIH=IHY +. Therefore the angle which 
the line, joining the centers of the index- 
glaſs and fore horizon glaſs, makes with a 
perpendicular to the index-glaſs when the 
index ſtands at the beginning of the divi- 


* Smith's Optics, Art. 8. + 29 El. I. 
ſions, 
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fions, is equal to the angle of incidence on 
the index-glaſs in that poſition; and this is 
the conſtant angle of incidence on the fore 
horizon glaſs. 

32. That PIR= PIH + HIR is ſelf. 
evident, whatever be the poſition of the 
perpendicular PI. But PIA is the angle 
of reflection from the index- glaſs to the 
fore horizon glaſs, and PIR the angle of 
reflection to the back horizon glaſs, which 
are equal to their reſpective angles of inci- 
dence, Therefore the angle of incidence 
on the index-glaſs in the back obſervation, 
exceeds the angle of incidence in the fore 
obſervation (the perpendicular PI ſtanding 
in the ſame place) by the angle HIR which 
the centers of the two leſſer mirrors ſubtend 
at the center of the great one. 

33. When Tand H are parallel, PI is 
equal to Hg, and IPR is a right angle. 


IT Therefore PRI is the complement of PN, 


or of PIH+HIR, that is of IH9 + HIR. 
Therefore the angle of incidence on the 
back horizon glaſs, is conſtantly the com- 
plement to go degrees, of the ſum of the 
angle of incidence on the fore horizon glaſs, 


and the angle which the centers of the two 
leſſer 
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lefſer mirrors. ſyderad at the center of ths, 
great one. 

34. Let RN 3 the es of tha 
back horizon glaſs, RY the ray reflected 
from it or the axis of viſion, and produce 
YR to M. Let OH be the axis of viſion 
for the fore obſervation. Produce OH till 
it meets RY in Y, and let OH meet IR in Z. 
Then the angle RYZ, which the two axes 
of viſion make with each other, is the dif- 
ference. of ZRM and YZR *, Now the 
former of theſe ZRM=2XZRN TSH 
PIR} = 2 x PIH +2 x HIZ. The latter 
of thoſe angles or YZR=ZHI+ HIZ *= + 
=BIH+HIZ T =2x PIH+ HIZ+. Sub- 
tract the latter from the former, and we 
have their difference, or RY'Z equal to HZ, 
or HIR. Therefore the angle which. the 
two axes of viſion (for the fore and back 
obſervation) make with each other, is equal 
to that which the two leſſer mirrors ſubtend 
at the center of the great one. 

35. To ſhow the correction neceſſary to 
be made in taking the height of a building 
by reflection from water, let figure 5 re- 
preſent the poſition of the octant when the 
„31 El. I. + Ss Optics, Art. 3. f 29 El. I. 
| fore 
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fore obſervation is uſed; figures 6 and 7 

the poſition of the octant in the back ob- 
ſervation. In theſe figures let LR be the 
furface of the water. BL the building, 
AL its reflected image ſeen in the water. 
R the point of reflection from the water. 
J the point of reflection from the index- 
glaſs. FH the point of reflection from the 
horizon-glaſs, through which the extremĩty 
of the image A is ſeen in the water. O the 
place of the eye. E the interſection of the 
ray (from B the top of the building) inci- 
dent on the index-glaſs with that ray after 
two reflections. S the point where the 
ſections of the ſpeculums by the plane of 
the octant meet each other; and continue 
HS to T in figures 6 and 7. Then is AEB 
the angle ſhown on the limb, being double 
of ISH in figure 5, and double of IST in 
figures 6 and 7 *, and BRL is the angle of 
the elevation of the building above the level 
of the water, ſuppoſing the eye placed at R 
the point of reflection. Now 2x BRL = 
=BRA + = AEB+EBR in figures 5 and 
6, and equal to AEB EBR in figure 7 þ 
that is 2x BRL=AEB+TBR in figures 5 


® Par, 1, &c. + Smith's Optics, Att. 8. f 32 EL I. 
„ and 
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aud 6, and equal to AEB IBR in figure 7. 
Eſtimate therefore the angle IBR, which 
the middle of the index · glaſs, and the point 
of reflection from the water, makes at the 
top of the building: add this to the angle 
own on the limb in the fore obſervation; 
add or ſubtract it in the back obſervation, 
according as the ray incident on the water 
paſſes without or within the index-glaſs; 
and the ſum or difference gives the angle 
BRA; half of which is the true e 
elevation. 8 
36. To find the errors 1 by a 
given deviation of the reflecting B's from 
their perpendicular poſition, 
lt may be convenient to conſider the planes, 
in queſtion as the planes of ſeveral great cir- 
cles of a ſphere; and' the point in' which 
the two reflecting planes and plane of the 
octant all concur, as the center of that 
ſphere. Their mutual inclinations may then 
be found by the common rules of f nen 
trigonometr . 
37. In figure 8 ket C be the center of the . 
ſphere, where the three planes before men- 
tioned all meet. Let the plane of the great 


tircle T NE H repreſent the plane of the 
D octant. 
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octant. Let the plane of the great circle 
NC repreſent the plane of the index+glaſs; 
and the plane of the great circle HC, the 
plane of the horizon-glaſs. Then is NG 
and HC the interſections of the two reflects 
ing planes with the plane of the octant, and 
PC their common interſection with each 
other. Moreover the ſpherical angles PNT 
and PAN are the inclinations of the reflect- 
ing planes to the plane of the octant which 
we here ſuppoſe equal; the ſpherical angle 
NPH is their inclination to each other. 
The arch NH meaſures 'the angle NCH, 
which the two ſections of the reflecting 
planes by the plane of the octant, make 
with each other; and which is half the 
angle ſhown by the index on the limb. 
With the pole P deſcribe a great circle 
LDEF, cutting the circle PND at right 
angles in N; the circle PFH at right an- 
gles in F, and the circle TNEH obliquely 
in E; CE being the interſection of the 


plane of the oblique circle LDEF with 
the plane of the circle TNEH, Through __ 
and E draw a great cirele; this will meet 
the circle LDE at right angles in E; and 
the plane of this circle will paſs through 

| | TH both 
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| refle@ing eder alſo — CE the 
- InterſeRion of the plane of the oblique circle 
LA DEF with the plane of the circle TVE H 
the plane of this cirele is ſeen edgewiſe in 
the figure. The ſpherical angle PEN which 
this circle makes with the circle TNE will 
— the inclination of PC the common inter- 
on of the reflecting planes to the plane 
2 —— that is to the plane 
of the octant, and NED will be the com- 
plement of this angle. Laſtly, let the ra- 
dius 70, lying in the plane of the great 
circle TNEH, repreſent. a line drawn on 
the plane of the octant parallel to the axis 
of the teleſcope ; ' paſſing both through CH 
the common ſection of the plane of the 
octant and horizon-glaſs, and through PC 
the common ſection of the reflecting planes. 
Through P and T draw the great circle 
PTL, meeting the circle TME obliquely 
in T, but the circle LDEF at right angles 
in L; then will TCH be the (obtuſe) angle 
which the line TC makes with the ſection 
CH. The arch PT is the meaſure of PCT, 
the angle which the line TC makes with PC 
the common ſection of the refleQing planes; 

D 2 the 
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the arch TL. is the complement of che arch 
P, or it is the diſtance of the parallel cir 
cle from the great circle, mentioned” 
Hadley in his fifth corollary ; that 
cirele being here repreſented by LDE 7. 
38. Fig. 9 repreſents the Rentogriphd 
projection of "theſe ſeveral *circles on the 
plane of the circle TNEH in Te! 8, that 
is on the plane of the octant; the dotted 
lines CT, CN, CH, repreſent the ſeveral 
radii CT, CN. CH. lying in the plane of 
the circle TNEH. The ſeveral circles of 
the ſphere - before mentioned are all repre- 
ſented by eireles in figure q, nora, he te 
the laws of the ſtereographio projection. 
39. Theſe things laid down, becauſe che 
ſpherical angles PNT and PHN are by 
ſuppoſition equal, the arches EN and EH, 
likewiſe, ED and EF are reſpectively equal: 
whence EN is equal to M; therefore 
EN is the meaſure of I of the angle ſhown 
by the index on the limb. The arch 
EDSg DF, therefore ED is the meaſure 
of half the ſpherical angle NPH, or of half 
the true inclination of the reflecting planes 
9 or it is the meaſure of z 
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Harrer QuannanT. at. 
of the corrected angle. Now in the rights. 
angled ſpherical triangle NDE-we haue the 
hypothenuſe EN, and the angle END 
==PNT, to find the baſe ED. Therefore 
as radius is to ſine END (or ooſine of des 

viation from the perpendicular); ſo is ſine 
EN to ſine ED, Nr N. N. by: 4 
gives the cotrected angle. Lash 
40. Next to find the inclination of PC 
dhe common ſection of the reflecting planes 
to the plane of the octant, or to find NED 
the complement of that angle. In the-rights 
angled triangle NDE we have the hypo- 
thenuſe EN and the angle END as before, 
toi find the other angle MD. Thereforg 
us radius is to tangent END, fo is coſine 
EN to cotangent MED, or the tangent 
of the inclination of the common ſection 
of the reflecting planes: to the yo of the 
octant. 5 
41. Next to find POT the 3 which 
a line drawn on the plane of the octant, 
parallel to the axis of the teleſcope and 
paſſing through the common ſection of the 
reflecting planes, makes with that common 
ſection; or rather to find T.L the arch which 
ane the complement of that angle. 

| F irſt 
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Then in the tight-angled ſpherical triangle 
TLE we have the hypotkenuſe ET, the 
angle TEL=NED (juſt found) to find 
the perpendicular TL. Therefore ag radius 
is to ſine ET, ſo is fine TEL to fine TL. 
or diſtance: of the parallel Your: "the: g 
circle in Hadley's fifth corollary. 

442. Laſtly by that corollary, as radius is 
to the fine complement of that diſtance, ſo 
is the chord of double the true inclination 
of the tefleting planes, or chord of the 
corrected angle; to the chord of the true 
angle between the obſerved objects: that is 
radius is to the ſine complement of the 
diſtance aforeſaid as the ſine of half the 
corrected angle to the ſine of half the true 
angle between the objects; the double : of 
which 1 is the angle required. 


43. of the effect of the ain of a 

rays in a glaſs mirror whoſe two ſurfaces 
are parallel. Peg 

Let AL and BN in lune 10 be the two 
parallel ſurfaces of a glaſs mirror. & the 
focus of incident rays. Qa ray incident 
on the firſt ſurface at C. Through & draw 
Bs perpendicular to both ſurfaces, cut- 
| 7 | ting 
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| Harzes Quanprant. 24 
ting the firſt ſurface in A, the ſecond in © 
produce A backwards to R, ſb that AR 
may be to AY, the fine. of incidence to 
the fine of refraction, or a to n, and R 
will be the focus after refraction at C . 
Draw CD the refracted ray meeting tho 
fecond ſurface in D. In the perpendicular 
RS, take BS equal to BR, and & will bo 
the focus of rays reflected from the ſecond 
ſurface at D f. Draw DE the reflected 
ray meeting the firſt ſurface in E. Take 
AT to AS as to , and 7 will be the 
focus of emergent rays after their laſt re- 
fraction at E*; that is, T will be the place 
of the laſt image formed by two refra&ions 
and one reflection. Take AY equal to AQ, 
and Y will be the place of the image formed 
by the reflection of the firſt ſurface: only, 
and TY will be the diſtance between theſe 
two images. I ſay that TY will be to HR 
the thickneſs of the glaſs, as twice the fine 
of refraction to the fine of incidence. 
44. Produce TE to M ſo that EM. may 
be the emergent ray; through D draw the 
perpendicular DH, and through E and G 
the perpendiculars be and dc. Produce * 


" n Optics, Ag. ur + Ibid, Art. 208 + 
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till it meets TE in F, and through F draw 
FG perpendicular to 27. Now dC D=: 
z=CDH*= HDE+=DE56*; but DC 
and DE may be conſidered as rays incident 
on AL +; and becauſe the angles of in- 
eidence C D and DE6.are equal, therefore 
their angles of refraction c and EM are 

equal; but C G“, and eBM= ' 
=GTF *, therefore the triangle QFT is 


— 2G=GT. Now 4T=GT + 
＋ AG and AV ANA G- 46 


=GT—AG; whence. AT—AYV. or TY= 
=GT+AG — GT—AG=2x AG. Now 
the triangles CFH and CA, as alſo CDH 
and CRA are reſpectively ſimilar : hence 
HF is to Ag, alſo HD to AR, as CH to 
CA; therefore HF is to HD as AA to 


ARI; that is, AG is to AB as A2 to AR, 


or as x to m; conſequently 2x AG or TV 
e e ftv'0n; = 

45. Cor. 1. If m be to as 3 to 2; then 
TV=+AB and AG=34B and BG g AB. 
46. Cor. 2. The laſt emergent ray pro- 
ceeds exactly as if the reflection had been 
made without refraction, by a plane FG 
Fs, _ * ; fee Optics, Art. 8. . 2 Ibid, 

3 | parallel 
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Parallel to BN the back ſurface, and di- 
ſtant from it 7 or the thickneſs of the 
glaſs. : 
47. Scbolium. Tlie indet-glaſs ſhobld be 
To fixed on the index; that the center on 
which the index turtis may paſs through 
the line FG; that is, be diſtarit from the 
back ſurface + of the thickneſs of the glaſs; 
and be within it. 

48. We ſhall here juſt mention the eon 
ſequences that would follow from ſuppoſing 
the two ſutfaces of each glaſs mirtor in- 
clined to one another in a given angle: and 
we will conſidet firſt the effect of the re- 
fractions of the index- glaſs only. 

49. When there is no tefraction, or when 
the two ſurfaces of the index-glaſs are pa- 
rallel, then the laſt image is removed from 
the object by twice the inclination of the 
teflecting furfaces of the two ſpeculums, as 
we have ſhown before. But if the outer 
ſurface of the index-glaſs is inclined to the 
inner ſurface, the place of that image will 
then be changed by the refractions at the 
outer ſurface of the index-glaſs. The laſt 
image will in this caſe be formed by two 
refractions and one reflection at the index- 

E glaſs: 


26 _- Tuzanxy of 
glaſs: and its angular diſtance from the 
object will be increaſed, if. the refracting 
angle of the index-glaſs be turned the ſame 
way with the angle which the ſpeculums 
make with each other; and decreaſed if 
the refracting angle be turned the contrary 
way. This angular change in the place 
of the laſt image on account of refractions 
we will call the angle of deviation. | 
50. Now was the angle of deviation al- 
ways the ſame in every poſition of the index+ 
glaſs, the refractions then would occaſion 
no error in the obſerved angle. For in this 
caſe the image, formed both by refraRtion 
and reflection, keeping one conſtant diſtance 
from that which would be formed by re- 
flection only, will have the ſame angular 
motion, vzz. double that of the index-glaſs. 
Therefore if any diſtant object and its laſt. 
image, thus formed, be made to coincide 
when the index ſtands at the beginning of 
the diviſions; the index will then always 
ſhow the angular diſtance of this laſt image 
from the object, and conſequently the an- 
- gular diſtance of any other object, which is 
ſeen along with that laſt image; juſt as when 
there is no refraction. All the difference 
& will 


HapLrey's QUaDRANT. 27 
will be, that the reflecting ſurface of the 
index-glaſs will not ſtand exactly parallel 
to the hotizon-glaſs when the object and 
it's image are made to coincide, in order to 
adjuſt the ibſtrument, _ _ 

51. When the rays fall fo 8 perpen- 
dibular on the index-glaſs, that the angles 
of incidence and refraction may be accounted 
to have the given ratio of their fines; then 
the angle of deviation is to the angle of in- 
_ clination of the two ſurfaces of the index- 
- glaſs, as double the difference between the 
fines of incidence and refraction is to the 
lefler: of thoſe fines; Hence the angle of 
deviation is nearly equal to the angle of the 
re of thoſe ſurfaces. 

52. But as thoſe angles are not accu- 
| rately as their ſines, ſo the angle of devia- 
tion is not exactly what that rule gives it; 
nor the ſame in all poſitions of the index- 
glaſs. It is always greater than what the 
rule gives; but it is leaſt of all when the 
ray within the glaſs falls perpendicularly on 
the reflecting ſurface, ſo that the firſt inci- 
dent and laſt emergent rays coincide, This 
will be the cafe when the index is in ſuch a 
Pofitlon, that the horizan-glaſs may be ſeen 
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| by its own reflettion. The incident ray In 
this caſe falls obliquely on the outer ſurface 


of the index-glaſs, and on that fide of its 


perpendicular which is contrary. to the re- 
fracting angle. We ſhall call this ray, tbe 
ray of leaſt deviation, + 5 

53. The poſition of the index wha tha 
deviation is leaſt being determined as before, 
the deviation will continually increaſe, as 
the diſtance of the index from this poſition 
increaſes on either fide, If equal angular 
diſtances of the index from this poſition be 
taken on contrary ſides, . the angles of de- 
viation in theſe two poſitions of the index 
will be nearly equal to each other, but not 
exactly ſo, That poſition of the index, in 
which the ray incident on the outer. ſurface 
falls on the ſame fide of the ray of leaſt 
deviation with the perpendicular to that 
ſarface, will have the greateſt angle of dey 
viation, 

54. All theſe conſequences follow from... 
the common properties of the priſm, and 
need not be here particularly demonſtrated, 
If a priſm, whoſe refracting angle is about 
ten degrees, be properly placed before an 
 index-glaſs — ſurfaces are parallel, all 

theſe 


* 
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theſe conſequences may be ſhown- experi- 
mentally * 1 | ; 
55. We have hitherto taken no notice of 
the refractions of the horizon-glaſs: it is 
becauſe theſe refractions can never affect the 
obſerved angle. For as the horizon-glaſs is 


fixed, the rays always fall upon it with the 


ſame degree of obliquity. Hence the change 
in the place of the image, on account of the 
refractions of this glaſs, is conſtantly the 
ſame, The refractions of this glaſs may 
change a little the poſition of the axis of 
vigon, but cannot alter the obſerved angle; 


not though the upper part of this glaſs be 
cut off, ſo that the object to be ſeen by 


direct viſion may be unfefracted +, While 


* Te may be neceſſary to meaſure praftcally he angle | 
the priſm. ” The — method 1s a very — Fa 
Place the priſm in a vertical poſition, Then, ſtanding before 
the angle to be meaſured, place two candles or other pro 
objects, ſo that the image of one may be ſeen by on 
from one of the ſides, and the image of the other be ſeen 
by refleftion from the other of the two ſides that form the 
refraſting angle. Move theſe two objects till their reflected 
images coincide, Meaſure then the diſtances of theſe objects 
from each other and from the angle of the priſm; from theſe 
diſtances compute the angle which the two objects ſubtend 
at the priſm : half this is the angle (ought. It may be neg 
ceflary to cover the back of the priſm, that the light re- 


+ 


Frafted through the other two angles may not mix with chaß 


reflected from the ſides. 


The angle of deviation from refraction only, is half that 
? refraftion and reflection together as before, 


uſed by 
e * 


. . 
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the tefraRions affect the other object. This 

will only alter the poſition of the glaſſes in 
the adjuſtment as before. In like manner 
if che ſurfuces of tlie dark glaſſes be not pa- 
fallel, thelt refractions will not affect the 
obſetvations, provided the inſtrument be ads 
juſted by the ſun, or ſome object whoſe re- 
OOO image is ſeen through them. 

56. If the inelination of the two ſurfaces 
of "alt of the glaſſes be confidetable, thi 
object will appeat coloured, or at leaft in- 
diſtinct; and if the inftrament be turned 
aboüt (in its own plane) the plate of the 
reflected image will now be changed; bes 

Sauſt the angle of iticidence, and therefbte 
the effect of the tefractions upon that image; 
will be changed, The multiplicity of the 
images may alſo create confuſion. Upon 
theſe accounts thofe ſutfaces ought to be 
made parallel. But if this was not the caſe, 
we may ſee that it is impoſſible to remedy 

perfeftly the othet errots from tefraction, 

Potwich landing what has been ſaid by ſome 

perſons. of diſtinguiſhed learning “. 


* See the American TranſaGions, Val, I. printed at Phila. 
#ilpbia, 157i, Appendix, page 21. 
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